We prove Simon's conjecture for fibered knots in S 3 : a fibered knot group surjects at most finitely many other knot groups.
Background
In this section we collect the relevant definitions, notation and facts we will need. All manifolds will be assumed smooth and orientable.
3-manifolds. A 3-manifold M is irreducible if every 2-sphere bounds a 3-ball. A torus T ⊂ M is essential if the induced map on the fundamental group is injective and T is not homotopic to a boundary component of M . If S ⊂ M is a properly embedded surface, then we will write M/S to denote the manifold obtained by removing an open tubular neighborhood of S from M , and refer to this as M cut open along S.
The JSJ decomposition of a compact irreducible 3-manifold M is a union of tori T = T 1 ∪· · ·∪T k with the property that M/T is a union of Seifert fibered and simple 3-manifolds, and such that no union of a proper subset of {T 1 , . . . , T k } has this property. According to the Geometrization Theorem for Haken manifolds (see e.g. [17] , [15] ) with a few exceptions a simple 3-manifold with boundary is the same thing as a hyperbolic 3-manifold. The JSJ decomposition is named after Jaco-Shalen [13] and Johannson [14] who discovered it and proved that it is unique up to isotopy.
Surfaces. Given a compact surface S, an essential curve on S is (the isotopy class of) a homotopically nontrivial and nonperipheral simple closed curve on S. An essential multicurve is a disjoint union of essential curves on S such that no two components of S are isotopic.
Links.
A link L ⊂ S 3 is an embedded union of circles in S 3 and a knot is a one-component link. We let N (L) denote a (closed) regular neighborhood of a link L ⊂ S 3 , and int(N (L)) is interior. The exterior of L is X L = S 3 − int(N (L)). Our links are unoriented and we will consider two links to be equivalent if there is a homeomorphism of S 3 taking one onto the other.
Dehn filling. Suppose M is a 3-manifold with toroidal boundary, that is, ∂M = T 1 ∪ · · · ∪ T k is a union of tori. An essential curve on one of the boundary tori is called a slope. Given a slope vector α = (α 1 , . . . , α k ), with α i a slope on T i for i = 1, . . . , k, we let M (α) denote the result of Dehn filling M along α; this is the 3-manifold obtained by gluing k solid tori V 1 , . . . , V k to M so that ∂V i is identified with T i by a homeomorphism, and so that a meridian of V i (an essential curve on ∂V i which bounds a disk in V i ) represents the isotopy class α i on T i . When M (α) ∼ = S 3 , we write L α for the link in S 3 which is a union of the core curves of the solid tori V i . Observe that
is coannular if there exists a properly embedded annulus A ⊂ X L with boundary components ∂ 1 A and ∂ 2 A so that
is an essential curve. In [8] , Gordon defines a class of links L 0 to be those links which have no unknotted component and for which no two component sublink is coannular (see also [8, Lemma 3.1] 
Mapping class group. Given a surface S, we write Mod(S) to denote the mapping class group of S, which is the group of isotopy classes of orientation preserving homeomorphisms (we do not impose any boundary conditions). We use the same notation to denote a homeomorphism f : S → S and the mapping class it represents. According to the work of Thurston, every mapping class can be decomposed in a canonical way as we now recall; see [6, Exposé 11 , §IV] and [12, §7.1].
Given a mapping class f , there exists a representative homeomorphism f : S → S and an essential multicurve C ⊂ S so that f (C) = C. Moreover, S − C decomposes as a disjoint union S − C = S 1 ⊔ · · · ⊔ S m so that for all 1 ≤ i ≤ m, f (S i ) = S i and f | S i is isotopic to either a finite order homeomorphism or a pseudo-Anosov homeomorphism. Such a C is called a reducing system for f . Moreover, there exists a minimal such C called the canonical reducing system. If C = ∅, then f is either finite order or pseudo-Anosov.
If C is the canonical reducing system for f , then the decomposition of S − C into S 1 , · · · , S m and the constituent homeomorphisms f | S i is called the Thurston decomposition of f , which is well-defined only up to isotopy. We call the surfaces S 1 , · · · , S m the domain surfaces for the decomposition and the restrictions f | S i : S i → S i the components of f . Note that the S i are not necessarily connected, but we assume (as we may) that each S i is the f -orbit of a connected component.
Fibered manifolds.
If M is a fibered 3-manifold, then we will write S for the fiber and f : S → S for the monodromy (so, M is the mapping torus of f ). We will not distinguish between the monodromy homeomorphism and its mapping class. The suspension flow φ t on a fibered manifold M with monodromy f is the flow transverse to the fibers whose first return map restricted to a fiber is the monodromy.
The JSJ decomposition for any fibered manifold M and the Thurston decomposition for the monodromy f : S → S contain the same information; see [5] . Specifically, since the canonical reducing system C for the monodromy is invariant, applying the suspension flow to C produces a set of tori
is the mapping torus for a component of the Thurston decomposition of f and so is Seifert fibered or hyperbolic; see [17] . Since the components of C are essential, the tori T are also essential. Minimality of the reducing system C implies minimality of T , and so T is the JSJ decomposition.
Growth rates
Given a homeomorphism f : S → S and γ ∈ π 1 S, let Λ γ (f ) denote the growth rate of γ by f * : π 1 S → π 1 S, which is defined by
Here |δ| denotes the minimal word length of the conjugacy class of δ with respect to any finite generating set (the value is independent of generating set). Then, let
denote the growth rate of f . Since π 1 S is finitely generated, it is easy to see that this is finite. Moreover, Λ(f ) depends only on the outer automorphism determined by f * , and hence is an invariant of the mapping class of f .
Lemma 3.1. Suppose f : S → S and h : S ′ → S ′ are homeomorphism and φ :
The epimorphism φ is called a semiconjugacy from f * to h * .
Proof. Since the growth rate is independent of the generating set, we can choose any generating set Z for π 1 S and let φ(Z) be the generating set for π 1 S ′ . Then we have |φ(γ)| ≤ |γ| for every γ ∈ π 1 (S). Since φ is surjective and h * φ = φf * , we have
Remark. As the proof illustrates, there is nothing special about free groups or surface groups in this lemma. Indeed, it is also true for any semiconjugacy between automorphisms of finitely generated groups.
The growth rate is best understood in terms of the Thurston decomposition as we now briefly explain; see [6, Exposé 11, §V] . Let C ⊂ S and S − C = S 1 ⊔ · · · ⊔ S m be the Thurston decomposition for f .
For any γ ∈ π 1 (S) represented by a loop which can be freely homotoped into a finite order component of f or a boundary component of some domain surface S i , we have Λ γ (f ) = 1. On the other hand, associated to any pseudo-Anosov component f | S i : S i → S i is its dilatation (also called its stretch factor ), denoted λ(f | S i ). If γ is represented by a loop which can be freely homotoped into such a domain surface S i , then Λ γ (f ) = λ(f | S i ) (unless the loop is peripheral in S i , in which case Λ γ (f ) = 1). Finally, an arbitrary element γ ∈ π 1 S will not be represented by a loop of any of these types, but instead will generally cut through several components of f . In this case, Λ γ (f ) is the maximum of 1 and the dilatations of the pseudo-Anosov components which every representative loop meets. In any case, we see that the set of numbers {Λ γ (f ) | γ ∈ π 1 S} is finite, and Λ(f ) is the maximum of these. Observe that if f : S → S is pseudo-Anosov, then Λ(f ) = λ(f ).
The basic finiteness statement we need to prove Theorem 1.2 is due to Arnoux-Yoccoz [1] and Ivanov [11] . For any compact surface S and R > 1, let 
Said differently, the proposition states that up to conjugacy, there are only finitely many possible Thurston decompositions allowed for elements in Ω(R, S).
Proof. First observe that for fixed S, by the classification of surfaces there are only finitely homeomorphism types of pairs (S, C), where C ⊂ S is a multicurve. Therefore, after conjugating the terms of the sequence and passing to a subsequence if necessary, we can assume that the canonical reducing systems are all the same multicurve C.
Each element f n induces a permutation of the components S − C, and by passing to a further subsequence, we can assume that the permutations are all the same. That is, all f n have the same domain surfaces which we denote S 1 , . . . , S m . Each f n | S i is either finite order or pseudo-Anosov, and since Λ(f n | S i ) ≤ Λ(f n ) ≤ R, Proposition 3.2 implies that there are only finitely many conjugacy classes of pseudo-Anosov homeomorphisms in the set {f n | S i } ∞ n=1 . As there are also only finitely many conjugacy classes of finite order mapping classes, we see that after conjugating and passing to a further subsequence if necessary we can assume that f n | S i = f k | S i for all n, k ≥ 1 and 1 ≤ i ≤ m. It follows that f n and f k differ by a product of powers of Dehn twists in the components of C. 
From epimorphisms to semiconjugacies
The fibration of M over S 1 induces an epimorphism ρ : π 1 M → Z with finitely generated kernel π 1 S ⊳ π 1 M . Since A M is the universal, torsion free, abelian quotient of π 1 M , there is a homomorphism ρ # : A M → Z so that ρ # • α M = ρ. From this we can produce an epimorphism
# α N : π 1 N → Z and moreover, the kernel K = ker(ρ ′ ) is the φ-image of π 1 S < π 1 M . We express this in a commutative diagram.
Therefore, K is finitely generated. According to Stalling's Theorem [22] , N is fibered, the fibration induces ρ ′ and the fiber S ′ has π 1 S ′ = K. Let h : S ′ → S ′ denote the monodromy. Now, the monodromy f : S → S induces an automorphism f * : π 1 S → π 1 S which provides a description of π 1 M as an HNN extension. If we let t ∈ π 1 M denote the stable letter, then for all γ ∈ π 1 S we have tγt −1 = f * (γ). Since π 1 N is also fibered, we have a similar description as an HNN extension, and moreover, φ(t) represents a stable letter. That is, for all γ ′ ∈ π 1 S ′ we have φ(t)γ ′ φ(t) −1 = h * (γ). Therefore, φ| π 1 S : π 1 S → π 1 S ′ is a surjection and for all γ ∈ π 1 S we have
as required.
We can now prove Theorem 1.3
Proof of Theorem 1.3. Let f : S → S be the monodromy of a fibration of M . Consider the set E(M ) of hyperbolic 3-manifolds N for which β 1 N = k and such that there exists an epimorphism φ : π 1 M → π 1 N . According to Proposition 4.1, every N ∈ E(M ) is fibered with some fiber S ′ and monodromy h : S ′ → S ′ and moreover φ restricts to a semiconjugacy from f * to h * . In particular, for all such N , the monodromy satisfies Λ(h) ≤ Λ(f ). Two fibered 3-manifolds with conjugate monodromies are homeomorphic, and so it suffices to prove that there are only finitely many possible conjugacy classes of monodromies. Since all N ∈ E(M ) are hyperbolic, their monodromies are pseudo-Anosov. Moreover, the rank of π 1 (S ′ ) is no greater than that of π 1 (S), and so there are only finitely many possibilities for the topological type of the fibers S ′ . By Proposition 3.2 there are only finitely many conjugacy classes of pseudo-Anosov homeomorphisms h : S ′ → S ′ for which λ(h) = Λ(h) ≤ Λ(f ) (of a fixed topological type surface S ′ ), and hence at most finitely many homeomorphism classes in E(M ).
A similar idea can be used to prove Theorem 1.2. Given a surface S (with one boundary component) and R ≥ 1 consider the following set of fibered knots in S 3 K(R, S) = {K | X K is fibered with monodromy f ∈ Ω(R, S)}.
The main technical fact needed to prove Theorem 1.2 is the following. Proposition 4.2. Given a surface S and R ≥ 1, the set K(R, S) is finite.
We will prove this in the next section. For now, we use it to prove Theorem 1.2.
Proof of Theorem 1.2. Suppose K is a fibered knot and f : S → S is the monodromy for the fibration of X K . Let E(K) denote the set of knots K ′ for which there exists an epimorphism φ :
is fibered with some fiber S ′ and monodromy h : S ′ → S ′ , and the epimorphism φ provides a semiconjugacy from f * to h * . By Lemma 3.1 we have Λ(h) ≤ Λ(f ). Furthermore, since φ maps π 1 S onto π 1 S ′ , it follows that genus(S ′ ) ≤ genus(S). Therefore,
By Proposition 4.2, the set on the right is a finite union of finite sets, hence E(K) is finite, as required.
Fibered satellite knots
In this section, we prove Proposition 4.2. For this, we recall the basic structure of fibered satellite knots; see [5] for more details. First, assume that K is a satellite knot and suppose T = T 1 ∪ · · · ∪ T n is the JSJ decomposition of X K . Since T i ⊂ X K ⊂ S 3 , it follows that T i bounds a solid torus V i in S 3 . Since T i is incompressible in X K , it follows that V i contains N (K). This is true for each i, and hence the solid tori are nested. That is, after relabeling the components of T if necessary we have
Let K i denote a core curve of the solid torus V i , so that
is the component of S 3 cut along T i not containing K. The exteriors of the knots {K i } are thus also nested
Now suppose K is a fibered knot and let S ⊂ X K be the fiber. The JSJ decomposition T = T 1 ∪ · · · ∪ T k is obtained from the suspension flow of the monodromy applied to the canonical reducing system C as described in §2, so each of the exteriors X K i is fibered. In fact, the fiber is
The nesting for the knot exteriors implies a nesting for the fibers
Observe also that each Σ i , being the fiber of a fibered knot, has one boundary component. By the above description T , it follows that we can write C in terms of its components
and c i is the boundary of Σ i . Since the monodromy for the fibration of
We now proceed to the proof of Proposition 4.2
Proof of Proposition 4.2. We suppose K(R, S) is infinite and arrive at a contradiction. Let {K(n)} ∞ n=1 ⊂ K(R, S) be an infinite set of distinct knots, and let f n : S → S be the monodromy for X K(n) . More precisely we have a homeomorphism of S with the fiber of K(n) which conjugates f n to the monodromy-we suppress this additional level of notation for now.
By definition of K(R, S) we have {f n } ∞ n=1 ⊂ Ω(R, S). According to Proposition 3.3, after conjugating and passing to a subsequence if necessary we have
where D n is a product of powers of Dehn twists in the components of C ⊂ S, the common canonical reducing system for all f n .
With the notation as above we have C = c 1 ∪ · · · ∪ c k , and Σ i ⊂ S bounded by c i . Let D(c i ) be the Dehn twist in c i and write
Since the knots are distinct, so are their complements [9] , so it follows that for some i, {x n,i } ∞ n=1 consists of infinitely many distinct integers. Let i 0 be the smallest such i. By passing to a subsequence we can assume that for all i < i 0 and all n ≥ 1, x n,i = 0.
Next we let V 1 (n), . . . , V k (n) denote the solid tori in S 3 associated to K(n) as described above and K 1 (n), . . . , K k (n) the associated core curves. Now, associated to {K(n)} ∞ n=1 consider the sequence of knots {K i 0 +1 (n)} (for i 0 as in the previous paragraph). These are all fibered knots with fiber Σ i 0 +1 . By our choice of i 0 , the monodromy h n = f n | Σ i 0 +1 satisfies
We now observe that X L(n) is homeomorphic to X L(1) for all n. Indeed, changing the monodromy of a fibered 3-manifold by a power of a Dehn twist is equivalent to removing a neighborhood of the twisting curve in the fiber and performing an appropriate Dehn filling with the slope depending on the power of the Dehn twist (with respect to an appropriate meridian-longitude basis, the n th power of a Dehn twist is equivalent to (1, n)-Dehn filling); see e.g. [23] and [10] . In particular, since the monodromies of all the fibered knot exteriors X L 2 (n) differ from X L 2 (1) by Dehn twisting in c i 0 , X L 2 (n) is obtained from X L 2 (1) by removing a neighborhood of L 1 (1) and performing a Dehn filling on the new torus boundary component.
Said differently, L(n) is the link obtained from X L(1) by α(n)-Dehn filling, where α(n) = (α 1 (n), α 2 (n)) and α i (n) is a slope on the ∂N (L i (n)). Because {x n,i 0 } ∞ n=1 is infinite, so is {α 1 (n)} ∞ n=1 , and hence {α(n)} ∞ n=1 is, too. We now claim that the links L(n) are all in Gordon's class L 0 ; see §2. Indeed, as we have already observed, L 1 (n) and L 2 (n) are both nontrivial fibered knots in S 3 , and so neither component bounds a disk in S 3 . Second, we note that if there were an essential annulus in X L(n) between the two boundary components, then viewing L 1 (n) as a loop in X L 2 (n) , such an annulus would determine a homotopy of (some power of) L 1 (n) to a loop in the boundary of the fibered knot exterior X L 2 (n) . Since L 1 (n) = c i 0 ⊂ Σ i is not a peripheral loop, this is impossible. Therefore, L(n) ∈ L 0 for all n as required. Since {α(n)} ∞ n=1 is an infinite set, this contradicts Theorem 2.1 and so proves the proposition.
